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The status of the twist–2 and the twist–3 integral relations between polarized structure
functions in deep inelastic scattering for electromagnetic and electroweak interactions is
reviewed. One novel integral relation for the twist–3 contributions can be tested in the
upcoming high statistics measurements of the structure function g2(x,Q
2) in the range Q2
∼
>
M2p .
§1. Introduction
The measurement of the nucleon structure functions in polarized deeply inelastic
scattering reveals the behaviour of quarks and gluons in outer magnetic fields and
allows to test basic predictions of Quantum Chromodynamics (QCD) in the short–
distance regime Q2 ≫M2p . In this domain the structure of the hadronic tensor Wµν
which describes the process can be investigated in terms of the light–cone expan-
sion 1). We restrict our consideration to those contributions toWµν which contribute
to the scattering cross sections in the massless quark case. There Wµν is a current
conserving quantity for the electro–weak interactions,
Wµν =
(
−gµν +
qµqν
q2
)
F1(x,Q
2) +
PˆµPˆν
P.q
F2(x,Q
2)− iεµνλσ
qλP σ
2P.q
F3(x,Q
2)
+iεµνλσ
qλSσ
P.q
g1(x,Q
2) + iεµνλσ
qλ(P.qSσ − S.qP σ)
(P.q)2
g2(x,Q
2)
+
[
PˆµSˆν + SˆµPˆµ
2
− S.q
PˆµPˆν
P.q
]
g3(x,Q
2)
P.q
+S.q
PˆµPˆν
(P.q)2
g4(x,Q
2) +
(
−gµν +
qµqν
q2
)
(S.q)
P.q
g5(x,Q
2), (1.1)
with
Pˆµ = Pµ −
P.q
q2
qµ, Sˆµ = Sµ −
S.q
q2
qµ .
Here P, q and S are the 4–vectors of the nucleon momentum, the momentum transfer
and the nucleon spin, respectively. The unpolarized structure functions are denoted
by Fi(x,Q
2) and the polarized structure functions by gi(x,Q
2). Wµν refers to the
contributions per current, where the propagator terms are separated off. In the
case of electromagnetic interactions only the structure functions F1, F2, g1 and g2
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contribute. The structure functions aquire their Q2 dependence as scaling violations
due to higher order QCD corrections and power corrections, such as target mass
corrections and dynamical higher twist terms. The latter contributions turn out to
be particularly essential, even if QCD corrections are not yet considered, in the range
of lower values of Q2, M2p ∼< Q
2, where most of the present data are taken.
§2. Twist Decomposition
The Fourier transform of the Compton amplitude TNCµν (x) for neutral current inter-
actions reads
i
∫
d4xeiqxT̂NCµν = −
∫
d4k
(2pi)4
U(k)γµ(gV1 + gA1γ5)
kˆ + qˆ
(k + q)2
γν(gV2 + gA2γ5)U(k)
−
∫
d4k
(2pi)4
U(k)γµ(gV1 + gA1γ5)
kˆ − qˆ
(k − q)2
γν(gV2 + gA2γ5)U(k),
= −i(gV1gV2 + gA1gA2)εµανβq
αuβ+
+(gV1gA2 + gA1gV2)Sµανβ [q
αuβ− + u
αβ], (2.1)
where U(k) =
∫
d4k/(2pi)4e−ikxψ(x), Sµανβ = gµαgµβ + gµβgνα − gµνgαβ , and
uβ± = −
∫
d4k
(2pi)4
U(k)
γβγ5
(k + q)2
U(k) ∓ (q ↔ −q) , (2.2)
uαβ = −
∫
d4k
(2pi)4
U(k)
kαγβγ5
(k + q)2
U(k) − (q ↔ −q) . (2.3)
The expansion of the denominators (k± q)2 results into the operator–representation
uβ± =
∑
n even,odd
(
2
Q2
)n+1
qµ1 . . . qµnΘ
+β{µ1···µn} , (2.4)
uαβ =
∑
n even
(
2
Q2
)n+1
qµ1 . . . qµnΘ
+β{αµ1···µn} . (2.5)
The operators Θ+β{µ1···µn} are given by
Θ+β{µ1···µn} =
∫
d4k
(2pi)4
U(k)γβγ5kµ1 . . . kµnU(k) = Θ
+β{µ1···µn}
S +Θ
+β{µ1···µn}
R
(2.6)
and may be decomposed into a fully symmetric and a remainder part with respect to
their indices. The former contribution is of twist–2 while the latter is a twist–3 oper-
ator. In general this decomposition has to be performed accounting for target mass
effects, see Ref. 2) for details. In the massless case the corresponding representations
were given in Ref. 3)∗.
∗ For the twist–2 contributions one may obtain representations using the covariant parton
model 4) in the massless case and lowest order in αs.
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Whereas the above decomposition of the Compton amplitude yields contribu-
tions to all the eight Lorentz tensors of Eq. (1) due to Θ
+β{µ1···µn}
S this is the case
for the polarized part for Θ
+β{µ1···µn}
R only keeping all the nucleon mass terms
2).
Taking the limit Mp → 0 only contributions ∝ g2 and g3 are obtained, which were
studied in Ref. 3) previously.
The deep inelastic structure functions contain contributions of different twist.
Since the individual twist terms obey independent renormalization group equations
their scaling violations are different. Moreover the different twist operators aquire
separate expectation values which are related to different target mass corrections in
general. Because of this the structure functions Fi and gi have to be represented as
linear superpositions of their twist contributions, the scaling violations of which are
calculated individually. Henceforth we will discuss the twist contributions separately.
§3. Twist–2 Relations
In lowest order in αs the twist–2 contributions to the structure functions gi|
5
i=1 are
determined by a single quarkonic operator matrix element an for each moment n in
the massless case
gi(n) =
∫ 1
0
dxxn−1gi(x) . (3.1)
These non–perturbative functions are different for the sets of structure functions g1,2
and g3,4,5 due to the corresponding quark contents. At the level of twist–2 the former
ones are ∝ ∆q(x) +∆q(x) while the latter are of the type ∆q(x)−∆q(x).
The nucleon mass dependence may induce involved expressions for the different
structure functions which are typically of the form, cf. 2),∗
g±3 τ=2(x) =
∑
q
gqV g
q
A
 2x2ξ(1 + 4M2x2/Q2)3/2
∫ 1
ξ
dξ1
ξ1
F±q(ξ1)
+
12M2x3/Q2
(1 + 4M2x2/Q2)2
∫ 1
ξ
dξ1
ξ1
∫ 1
ξ1
dξ2
ξ2
F±q(ξ2)
+
3
2
(4M2x2/Q2)2
(1 + 4M2x2/Q2)5/2
∫ 1
ξ
dξ1
∫ 1
ξ1
dξ2
ξ2
∫ 1
ξ2
dξ3
ξ3
F±q(ξ3)
 . (3.2)
Despite of this one may show, however, that the relations
gII2 (x,Q
2) = −gII1 (x,Q
2) +
∫ 1
x
dy
y
gII1 (y,Q
2) (3.3)
gII3 (x,Q
2) = 2x
∫ 1
x
dy
y2
gII4 (y,Q
2) (3.4)
hold in general 2) ∗∗. In this way the target mass corrections are absorbed, without
∗ Numerical results are presented in Ref. 5).
∗∗ The validity of Eq. (3.3) in the presence of target mass corrections was shown in 6) before.
Expansions in terms of M2/Q2 as considered in this paper, however, turn out to introduce artificial
singularities in the range x→ 1, which are not present in the resummed expressions 2).
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changing the form of the Wandzura–Wilczek relation (3.3) 7) and a relation by the
author and Kochelev 3), 4) (3.4) in the massless case. As was shown in Ref. 2) the
Wandzura–Wilczek relation also holds in the case that the quark mass terms are
considered as well.
The relation
gII4 (x,Q
2) = 2xgII5 (x,Q
2) +∆(M2/Q2) (3.5)
with limρ→0∆(ρ) = 0 turns out to be a relation between structure functions only in
the massless case, where it was found by Dicus 8). In the presence of target masses
it is modified 9) in the same way as the Callan–Gross relation 10).
§4. Why do integral relations occur?
The Callen–Gross or Dicus relation and the Wandzura–Wilczek relation are struc-
turally different. Whereas the first one is a purely algebraic relation the second
one contains an integral term. The structure function under the integral gII1 (x,Q
2)
has a partonic interpretation as well as the twist–2 contributions to the unpolarized
structure function F II1 (x,Q
2). This difference can be understood studying firstly
deeply–virtual non–forward Compton scattering γ∗1(q1) + p1 → γ
∗
2(q2) + p2 and per-
forming then the limit to the case of forward scattering in the Compton amplitude 11)
lim
p−→0
Tµν(q, p+, p−) = T
forw.
µν (p, q) , (4.1)
with p± = p2 ± p1, p = p+/2 and q = (q1 + q2)/2. The Compton amplitude has the
representation
Tµν(q, p+, p−) = T
sym
µν (q, p+, p−) + T
asym
µν (q, p+, p−) . (4.2)
From the non–forward expressions 11) one obtains in the forward limit :
T symµν (q, p) =
(
gµν −
pµqν + pνqµ
p.q
)∫
Dz
(
1
ξ + z+ − iε
−
1
ξ − z+ − iε
)
−z+
[
1
(ξ + z+ − iε)2
−
1
(ξ − z+ − iε)2
]F (z+, z−) . (4.3)
Here F (z+, z−) denotes a distribution amplitude and ξ = −q
2/2p.q . z+ and z− are
momentum fractions with
Dz = dz+dz−θ(1 + z+ + z−)θ(1 + z+ − z−)θ(1− z+ + z−)θ(1− z+ − z−)
(4.4)
The integral over z− can be performed analytically. Due to the structure of the
function F (z+, z−) the representation∫ +1−|z+|
−1+|z+|
dz−F (z+, z−) =
∫ sign(z+)
z+
dz
z
f(z) (4.5)
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holds 11). Here f(z) denotes the number density of quarks or antiquarks. Evidently
the structure functions in Eq. (4.3) corresponding to the two tensors are equal but
may contain integral terms w.r.t. a partonic function. Evaluating the integral∫ +1
−1
dz+
z+
(ξ ± z+ − iε)2
∫ sign(z+)
z+
dz
z
f(z)
= ∓
∫ +1
−1
dz+
1
ξ ± z+ − iε
[∫ sign(z+)
z+
dz
z
f(z)− f(z)
]
(4.6)
the integral terms contributing to the first and second propagator term in Eq. (4.3)
cancel, while the algebraic term remains.
For the polarized contribution this cancellation does not occur :
T asymµν (q, p) = iε
γβ
µν
qγpβ
(p.q)2
q.S (4.7)
×
∫ +1
−1
dz+
[
1
ξ + z+ − iε
+
1
ξ − z+ − iε
] [∫ sign(z+)
z+
dz
z
f5(z)− f5(z)
]
−iεγβµν
qγSβ
p.q
∫ +1
−1
dz+
[
1
ξ + z+ − iε
+
1
ξ − z+ − iε
] ∫ sign(z+)
z+
dz
z
f5(z) .
Rewriting the tensors in terms of those defining the structure functions g1(x,Q
2) and
g2(x,Q
2), Eq. (1.1), the Wandzura–Wilczek relation is obtained. The occurrence of
integral contributions or purely algebraic terms in relations between deeply inelastic
structure functions or other hard scattering processes has thus to be considered as
the regular case, with the possibility that these terms may cancel.
§5. Twist–3 Relations
A unique picture for the twist–3 terms can only be obtained including the target
mass corrections, cf. 2). In this case all polarized structure functions contain twist–3
contributions. Indeed the consideration of mass corrections appears to be necessary
also for consistency reasons since the structure functions containing twist–3 terms
in the case of longitudinal nucleon polarization are weighted by a factor of M2/S in
the scattering cross section. The explicit relations for the target mass corrections to
the twist–3 contributions to gi|
5
i=1 are given in Ref.
2).
They obey the following relations :
gIII1 (x,Q
2) =
4M2x2
Q2
[
gIII2 (x,Q
2)− 2
∫ 1
x
dy
y
gIII2 (y,Q
2)
]
, (5.1)
4M2x2
Q2
gIII3 (x,Q
2) = gIII4 (x,Q
2)
(
1 +
4M2x2
Q2
)
+ 3
∫ 1
x
dy
y
gIII4 (y,Q
2) , (5.2)
2xgIII5 (x,Q
2) = −
∫ 1
x
dy
y
gIII4 (y,Q
2) , (5.3)
which hold after the inclusion of the target mass corrections to all orders in (M2/Q2)k.
Whereas the relations (5.2,5.3) are relevant in the presence of weak interactions only,
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Eq. (5.1) can be tested already for purely electromagnetic interactions in the domain
of lower values of Q2.
For an experimental determination of the twist–3 contributions to the structure
functions g1(x,Q
2) and g2(x,Q
2) one can proceed as follows. From Eq. (5.1) it is
evident, that for Q2 ≫ M2 g1(x,Q
2) receives only twist–2 contributions. g1 can be
measured firstly in this range. Its twist–2 contribution at lower values of Q2 can
be obtained solving the twist–2 evolution equations for g1(x,Q
2). Then one can
determine the twist–2 contribution to g2(x,Q
2) by the Wandzura–Wilzcek relation,
Eq. (3.3). Assuming that the contributions of twist–4 and higher are suppressed rela-
tively to the the twist–3 contributions to g1,2(x,Q
2) the latter can be extracted form
the data by subtraction of the twist–2 pieces. Relation (5.1) 2) may now be tested
by calculating the twist–3 contribution to g1(x,Q
2) from the twist–3 contribution to
g2(x,Q
2) and comparing with the measurement.
Finally we would like to comment on two other relations. The Burkhardt–
Cottingham sum rule 12) ∫ 1
0
dxg2(x,Q
2) = 0 (5.4)
is consistent with the results of the local light cone expansion. Both the correspond-
ing expectation values for twist–2 and twist–3 are absent in the respective series
expansion also in the presence of target mass corrections 2).
A second relation 13) ∫ 1
0
dxx [g1(x) + 2g2(x)]valence = 0 (5
.5)
also holds in the presence of target mass corrections as long as Q2 > M2p . One may
cast the respective relations into the following form, cf. 2):∫ 1
0
dxx [g1(x) + 2g2(x)]valence =
∑
q
e2q
2
mq
Mp
∫ 1
0
dx
hq1(x)− h
q
1(x)(
1−
M2px
2
Q2
)2 . (5.6)
Here we allowed for finite quark masses mq and h
q
1(x) denotes the transversity dis-
tribution of the quark q. The integral in Eq. (5.6) is finite under the above condition
and one may perform the limit mq → 0 to obtain Eq. (5.5).
§6. Summary
In the range of low values of Q2 ∼> M
2
p nucleon mass corrections to the polarized
structure functions in deep inelastic scattering are essential. After the inclusion of
these corrections a symmetric picture is obtained comparing the respective twist–2
and twist–3 terms, unlike the massless case 3). In lowest order in αs the twist–2 and
the twist–3 contributions of the five polarized structure functions are connected by
three relations. These are the Wandzura–Wilczek relation, a relation by the author
and Kochelev and the Dicus relation for the twist–2 terms, and three relations by
Relations between polarized structure functions 7
the author and Tkabladze for the twist–3 terms. While the Dicus relation receives a
finite target mass correction, the other relations do not, or they do firstly result after
the inclusion of the target mass corrections at all. The relations being present for
purely electromagnetic interactions can be tested through precision measurements
of the structure functions g1(x,Q
2) and g2(x,Q
2) in the near future.
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